In this paper, we derived biharmonic equations for pseudo-Riemannian submanifolds of pseudo-Riemannian manifolds which includes the biharmonic equations for submanifolds of Riemannian manifolds as a special case. As applications, we proved that a pseudo-umbilical biharmonic pseudo-Riemannian submanifold of a pseudo-Riemannian manifold has constant mean curvature, we completed the classifications of biharmonic pseudo-Riemannian hypersurfaces with at most two distinct principal curvatures, which were used to give four construction methods to produce proper biharmonic pseudoRiemannian submanifolds from minimal submanifolds. We also made some comparison study between biharmonic hypersurfaces of Riemannian space forms and the space-like biharmonic hypersurfaces of pseudo-Riemannian space forms.
* AND YE-LIN OU * * call a vector a unit vector if its norm is 1. A set of m orthogonal unit vectors is called an orthonormal basis of (M m t , g) at a point. A local orthonormal frame of (M m t , g) is a set of m local vector fields {e i } such that g(e i , e j ) = ǫ i δ ij with ǫ 1 = · · · = ǫ t = −1, ǫ t+1 = · · · = ǫ m = 1.
For a local orthonormal frame {e i } on a neighborhood U of (M m t , g), we have
ǫ i g(X, e i )e i , for any X ∈ X(U), In this paper, we will use the following notations and conventions.
• An n-dimensional pseudo-Euclidean space with index s is denoted by R • An n-dimensional pseudo-hyperbolic space, denoted by H n s (r), is defined to be H n s (r) = {x ∈ R n+1 s+1 : x, x = −r 2 }, which, with the induced metric from R n+1 s+1 , is a complete pseudo-Riemannian manifold with index s and of constant sectional curvature − 1 r 2 .
• A pseudo-Riemannian space form refers to one on the three spaces: R Pseudo-Riemannian space forms have important applications in the theory of general relativity as it is well known that the pseudo-Riemannian space forms R n 1 , S n 1 (r), H n 1 (r) are model spaces for Minkowski, de Sitter, and Anti-de Sitter space-times respectively.
Harmonic and biharmonic maps between Riemannian manifolds
A map between Riemannian manifolds ϕ : (M m , g) −→ (N n , h) is harmonic if its tension field A biharmonic map between Riemannian manifolds is a map ϕ : (M, g) −→ (N, h) which is a critical point of the bienergy functional
for every compact subset Ω of M. Using the first variational formula ( [15] ) one sees that ϕ is biharmonic if and only if its bitension field vanishes identically, i.e.,
where
is the Laplacian on sections of the pull-back bundle ϕ −1 T N and R N is the Riemann curvature operator of (N, h) defined by
A submanifold of a Riemannian manifold is called a biharmonic submanifold if the isometric immersion that defines the submanifold is a biharmonic map.
By definition, a harmonic map is always a biharmonic map. This, together with the well-known fact that a submanifold is minimal if and only if the isometric immersion that defines the submanifold is harmonic, implies that a minimal submanifold is always a biharmonic submanifold. So, it is a custom to call a biharmonic map, which is not harmonic, a proper biharmonic map, and proper biharmonic submanifolds are reserved for those biharmonic submanifolds, which are not minimal.
Harmonic and biharmonic maps between pseudo-Riemannian manifolds
The generalization of the concepts of harmonic and biharmonic maps between * AND YE-LIN OU * * Riemannian manifolds to the case of pseudo-Riemannian manifolds is straightforward.
) between pseudo-Riemannian manifolds is a harmonic map if its tension field vanishes identically, i.e.,
Similarly, we have
) between pseudo-Riemannian manifolds is a biharmonic map if its bi-tension field vanishes identically, i.e.,
Remark 1. Note that the only difference of the tension (and the bitension) fields between the Riemannian and the pseudo-Riemannian cases lies in the definition of the trace of a bilinear form in these two different cases. 
Some recent work on biharmonic pseudo-Riemannian submanifolds
The study of biharmonic submanifolds was initiated in the middle of 1980s by B. Y. Chen [6] in his program to understand finite types submanifolds, and independently by G. Y. Jiang [14] , [15] , [16] in his effort to study the geometry of k-polyharmonic maps proposed by Eells and Lemaire in [12] . Since 2001, biharmonic submanifolds of Riemannian space forms have been vigorously studied by many geometers around the world with the main focus to classify and/or characterize biharmonic submanifolds in a Riemannian space form. We refer the readers to the recent survey [21] of the second named author of the paper for some history, fundamental problems, current results and open problems with updated references about the submanifolds of the Riemannian space forms.
Comparatively, not much study on biharmonic submanifolds in pseudo-Riemannian manifolds has been made except a few works on some classifications of biharmonic submanifolds which can be summarized as follows.
Chen-Ishikawa [9] studied biharmonic pseudo-Riemannian submanifolds in pseudoEuclidean space R 4 s for s = 1, 2, 3. They classified all space-like biharmonic curves and proved that any pseudo-Riemannian biharmonic surface in Minkowski space R 3 1 is minimal, i.e., H = 0. They also obtained some classification results on pseudo-Riemannian biharmonic surfaces x : M 2 1 −→ R 4 s with s = 1, 2, 3 under the assumption of nonzero constant mean curvature or mean curvature vector being light-like. Ouyang [22] studied space-like biharmonic submanifolds of pseudo-Riemannian space forms. Among other things, he derived the equations, in local coordinates, for space-like biharmonic submanifolds in a pseudoRiemannian manifold, and applied it to study space-like biharmonic submanifolds of pseudo-Riemannian space forms with parallel mean curvature vector fields. He also proved that a space-like biharmonic hypersurface with constant mean curvature in R n 1 , S n 1 (C) has to be minimal, i.e., H = 0, and that a space-like biharmonic hypersurface with constant mean curvature and |A| 2 = n C 2 in H n 1 (C) has to be minimal, i.e., H = 0. Defever-Kaimakamis-Papantoniou [10] proved that any biharmonic pseudo-Riemannian hypersurface in 4-dimensional pseudoEuclidean space with diagonalizable second fundamental form has to be minimal. Later in 2008, Chen [7] obtained a complete classification of biharmonic Lorentzian flat surfaces in pseudo-Euclidean space R 4 2 . Zhang in [24] shown that the only space-like proper biharmonic surface in a 3-dimensional pseudoRiemannian space form
); He also proved that both
) and
) with p = q, p + q = n are space-like proper biharmonic hypersurfaces in the Anti-de Sitter space H 
with parallel mean curvature vector field H and diagonalizable A H to be marginally trapped. Most recently, Liu-Du [17] classified proper biharmonic pseudo-Riemannian hypersurfaces with at most two distinct principal curvatures in a pseudo-Riemannian Riemannian space form. Finally, Liu-Du-Zhang * AND YE-LIN OU * * in [18] gave a classification of space-like biharmonic submanifolds of a pseudoRiemannian space form, which are pseudo-umbilical or have parallel mean curvature vector fields.
In this paper, we derived biharmonic equations for pseudo-Riemannian submanifolds of pseudo-Riemannian manifolds (Theorem 2.1) which includes the biharmonic equations for submanifolds of Riemannian manifolds obtained in [2] and biharmonic equations for pseudo-Riemannian submanifolds of pseudoRiemannian space forms stated in [17] as special cases. As applications, we proved that a pseudo-umbilical biharmonic pseudo-Riemannian submanifold of a pseudo-Riemannian manifold has constant mean curvature (Theorem 3.1) generalizing the corresponding results of the Riemannian cases obtained in [11] , [4] and [2] , we gave a complete classification of biharmonic pseudo-Riemannian hypersurfaces of pseudo-Riemannian space forms with at most two distinct principal curvatures (Theorem 3.2 and Corollary 3.3) , which improve the classifications given in [17] and include the classification obtained by Balmus-Montaldo-Oniciuc in [1] as special cases. The complete classifications (Corollary 3.3) were used to give four construction methods to produce proper biharmonic pseudo-Riemannian submanifolds from minimal submanifolds (Theorems 3.4, 3.5 and 3.6). We also made some comparison study between biharmonic hypersurfaces of Riemannian space forms and the space-like biharmonic hypersurfaces of pseudo-Riemannian space forms.
Biharmonic pseudo-Riemannian submanifolds of pseudo-Riemannian manifolds
Theorem 2.1. A pseudo-Riemannian submanifold φ : (M m t , g) ֒→ (N n s , h) of a
pseudo-Riemannian manifold is biharmonic if and only if its mean curvature vector field H, the second fundamental form B and the Weingarten operator A H solve the following system of PDEs
H (e i ) (14) for a local orthonormal frame
Proof. It is well known that the tension field of the isometric immersion φ :
where H is the mean curvature vector of the pseudo-Riemannian submanifold. It follows that the pseudoRiemannian submanifold is biharmonic if and only if
A straightforward computation using Formulas of Gauss and Weingarten for submanifolds yields
Recall that
and we have the Codazzi-Mainardi equation (20) (
Using this, we have
By choosing a local orthonormal frame with the property that at a point x ∈ M m t we have ∇ M e j e i = 0 for all i, j = 1, 2, · · · , m, then we have
As this is true for any point x ∈ M m t we obtain
H e i , e j .
It follows that
Note that the Riemann curvature decomposes into its normal and the tangential parts,
Substituting (16), (17), (23), and (24) into the second equation of (15) and comparing the normal and the tangential components we obtain the theorem.
Remark 2. One can check that the biharmonic equation for pseudo-Riemannian submanifolds of pseudo-Riemannian space forms given in Theorem 2.1 generalizes the biharmonic equation for Riemannian submanifolds of Riemannian manifolds obtained by Chen [6] , [7] , [8] , [9] , Caddeo-Montaldo-Oniciuc [4] and BalmusMontaldo-Oniciuc [2] , it also includes the biharmonic equation for pseudo-Riemannian submanifolds of pseudo-Euclidean spaces studied by Chen in [6] , [7] , [8] , [9] , the biharmonic equation for space-like submanifolds of pseudo-Riemannian space form obtained by Ouyang in [22] , and the biharmonic equations for pseudoRiemannian submanifolds of a pseudo-Riemannian space form stated in [17] as special cases.
As an immediate consequence, we have the following corollary, which was stated in [17] without a proof. Proof. Note that when the ambient space is a pseudo-Riemannian space form of constant sectional curvature C, we have
This, together with Theorem 2.1, gives the corollary.
For the case of codimension one, we have the following corollary, which gives the biharmonic equation of a generic pseudo-Riemannian hypersurfaces of a generic pseudo-Riemannian manifold generalizing the biharmonic hypersurface equation in a generic Riemannian manifold obtained in [20] . 
where , h) with mean curvature vector H = f ξ, we have
H (e i ) = A ξ (gradf ). (33) Substituting (29), (30), (31), (32), and (33) into biharmonic pseudo-Riemannian submanifold equation (11) we obtain the corollary.
When the ambient space is a pseudo-Riemannian space form, Corollary 2.3 reduces to the following corollary, which was obtained in [17] . 
f grad f = 0.
Some classifications and constructions of biharmonic pseudo-Riemannian submanifolds
In this section, we will first prove that a pseudo-umbilical biharmonic pseudoRiemannian submanifold of a pseudo-Riemannian manifold has constant mean curvature. We then give a complete classification of biharmonic pseudo-Riemannian hypersurfaces of pseudo-Riemannian space forms with at most two distinct principal curvatures, and finally we use the classifications to give four methods to construct proper biharmonic pseudo-Riemannian submanifolds using precompositions of minimal submanifolds.
Recall that pseudo-Riemannian submanifold φ : M m t ֒→ N n s is said to be pseudo-umbilical if its shape operator A H with respect to the mean curvature vector field H is given by
Similar to the definition of a biconservative hypersurface defined in [19] , we define a biconservative submanifold to be a submanifold whose tangential component of the bitension field vanishes identically. It is clear from the definition that any biharmonic submanifold is biconservative. Now we are ready to prove the following theorem which generalizes the corresponding results in the Riemannian case given in [2] . 
where in obtaining the second equality we have used, as in [4] , the normal coordinates at a point and assuming {e i } are the corresponding vector fields, whilst in obtaining the third equality we have used pseudo-umbilical condition (35).
Substituting (36) into the second equation of the biharmonic submanifold equation (11) we have (37) (4 − m)grad H, H = 0, from which we conclude that grad H, H = 0 for m = 4. Thus, we obtain the theorem.
Now we give a complete classification of pseudo-Riemannian hypersurfaces with at most two distinct principal curvatures in a pseudo-Riemannian space form, which improves the classifications given in [17] . 
Proof. By the classification of Liu-Du [17] , we know that a nondegenerate proper biharmonic hypersurface M n t −→ N n+1 s (C) with diagonalizable shape operator that has at most two distinct principal curvatures is a part of one of the following hypersurfaces:
) with C > 0, n = 2p and C 1 , C 2 satisfying
) with C < 0, n = 2p and C 1 , C 2 < 0 satisfying
2 C 2 = n 2 C, and pC 1 + (n − p)C 2 = 2nC.
Solving the equations
for C 1 and C 2 we have the unique solution C 1 = C 2 = 2C. Thus, we obtain the theorem.
As an immediate consequence, we have (1) with diagonalizable shape operator that has at most two distinct principal curvatures is a part of one of the following hypersurfaces:
(1) with n = 2p and
(1) with n = 2p. I. Riemannian Cases:
) . II. Pseudo-Riemannian Cases of index 1:
) . III. Pseudo-Riemannian Cases of index 2:
) . IV. Pseudo-Riemannian Cases of index 3:
) .
The complete classifications given in Corollary 3.3 reveal the similarity between the families of proper biharmonic pseudo-Riemannian hypersurfaces of pseudoRiemannian space form and the classifications of proper biharmonic hypersurfaces in S n+1 (1) obtained by Caddeo-Montaldo-Oniciuc in [1] . An important application of this lies in the fact that the two special proper biharmonic pseudoRiemannian hypersurfaces classified in Corollary 3.3, as in the Riemannian cases, * AND YE-LIN OU * * can help us to further study the constructions and classifications of proper biharmonic pseudo-Riemannian submanifolds in pseudo-Riemannian space forms. (1) via composition:
Proof. Let {x i } be the rectangular coordinates and , denote the pseudo-Euclidean product of R (1). Using Weingarten and Gauss equations we compute
where the third equality was obtained by using the fact that the second fundamental form of H n+1 s
(1) in R 
By the assumption that φ : M 
Solving the equation we have c 2 = 1, i.e., a 2 + a 4 /b 2 = 1 which, together with
Thus, we obtain the theorem.
A similar proof gives the following construction of proper biharmonic submanifolds of pseudo-Riemannian spheres. An n-dimensional Lorentzian manifold is a pseudo-Riemannian manifold of index (1, n−1) (or equivalently (n−1, 1)). This special type of pseudo-Riemannian manifolds are of great importance to general relativity as spacetimes are modeled as 4-dimensional Lorentzian manifolds. In particular, Lorentzian space forms R n 1 , S n 1 (C), H n 1 (C) are well known to be called Minkowski, de Sitter, and Anti-de Sitter space-times respectively. On the other hand, space-like submanifolds usually appear in the study of problems related to causality in the theory of general relativity. Also, space-like hypersurfaces with constant mean curvature are convenient as initial hypersurfaces for the Cauchy problem in arbitrary spacetime and for studying the prolongation of gravitational radiation (See e.g., [3] for details). Based on these, we take a closer look at the space-like biharmonic hypersurfaces in Lorentzian space forms in this section. Some comparisons of biharmonic hypersurfaces of Riemannian space forms and space-like biharmonic hypersurfaces of Lorentzian space forms are made.
Recall that a submanifold of a pseudo-Riemannian manifold is space-like if the induced metric on the submanifold is a Riemannian metric. It is well known that a hypersurface M n −→ N be an isometric immersion of a space-like hypersurface into a Lorentzian manifold. We denote by A the shape operator of ϕ with respect to ξ, a unit normal vector field to ϕ(M) ⊂ N, and by H = f ξ the mean curvature vector field of ϕ (f the mean curvature function). Then we have Proof. This follows from Corollary 2.3 with ǫ m+1 = −1 since ξ, ξ = −1 for a space-like hypersurface.
As a straightforward consequence, we have . When (N m+1 (C), h) is a space of constant sectional curvature C, then it is an Einstein space with the scalar curvature r = m(m+1)C. From these the corollary follows.
Remark 3. We remark that a hypersurface ϕ : (M m , g) −→ (N m+1 (C), h) in a Riemannian space form of constant sectional curvature C is biharmonic if and only if its mean curvature function f is a solution of the following PDEs, which was obtained by different authors in several steps (see [15] , [6] and [4] ) (46) ∆f − f |A| 2 + mCf = 0,
So, the biharmonic equation for space-like hypersurfaces in Lorentzian space forms differs from the biharmonic equation for hypersurfaces in Riemannian space forms by a minus sign in the second term of each equation in the system.
Using Corollary 3.3 we have the following classification of space-like biharmonic hypersurfaces with at most two distinct principal curvatures.
